We investigate the behavior of entanglement entropy across the holographic p-wave superconductor phase transition in an Einstein-Yang-Mills theory with a negative cosmological constant. The holographic entanglement entropy is calculated for a strip geometry at AdS boundary. It is found that the entanglement entropy undergoes a dramatic change as we tune the ratio of the gravitational constant to the Yang-Mills coupling, and that the entanglement entropy does behave as the thermal entropy of the background black holes. That is, the entanglement entropy will show the feature of the second order or first order phase transition when the ratio is changed. It indicates that the entanglement entropy is a good probe to investigate the properties of the holographic phase transition.
Introduction
As a strong-weak duality, the AdS/CFT correspondence [1, 2, 3] provides a powerful method for studying a strongly interacting system through its gravity dual which is weakly coupled. Especially, it has been used widely to model basic phenomena in condensed matter physics, such as superconductivity (superfluidity) [4] , Nernst effect [5] , and non-fermi liquid [6] . For more related studies, see, for example, Refs. [7, 8, 9] and references therein.
The physical picture behind the holographic superconductor model is as follows. As the simplest concrete model, consider an Einstein-Maxwell-scalar field theory with a negative cosmological constant. At high enough temperature, the Reissner-Norström-AdS (RN-AdS) black hole with a trivial scalar field is stable. And the dual CFT is in a deconfined phase and describes a conductor phase. When one lowers the temperature of the black hole, the RN-AdS black hole becomes unstable, a new black hole solution with nontrivial scalar field is favored, which can describe a superconducting phase. The U (1) symmetry is spontaneously broken due to the nontrivial scalar field. The condensation of the scalar "hair" of the black hole gives a finite vacuum expectation value of the dual operator in the field theory side, which plays the role of order parameter in the holographic phase transition. The s-wave superconductor is described by the appearance of the scalar "hair" [4, 10, 11, 12] , while the p-wave superconductor is characterized by the condensation of the vector "hair" [13, 14] .
On the other hand, the entanglement entropy is expected to be a key quantity in our understanding some characterization of several aspects in many-body physics (see, for example, Refs. [15, 16] ). For a given system, the entanglement entropy of subsystem with its complement is defined as the von Neumann entropy. In the spirit of AdS/CFT correspondence, a geometric proposal to compute the entanglement entropy has been presented in Ref. [17] . More precisely, consider a subsystem A of the total boundary system, the entanglement entropy of subsystem A with its complement is given by looking for the minimal area surface γ A extended into the bulk with the same boundary ∂A of A (see Refs. [18, 19] for reviews)
where G N is the Newton's constant in the bulk. While various aspects of different holographic superconductor models have been intensively studied (see, for example, Refs. [20, 21, 22, 23, 24, 25, 26, 27, 28, 30, 31] ), the study of entanglement entropy in the holographic phase transition is just in the early stage. Ref. [32] studied the behavior of entanglement entropy in a holographic s-wave superconductor model, while Ref. [33] discussed the case in the holographic insulator/superconductor phase transition. Note that a holographic p-wave superconductor (superfluid) with fully back reaction in the Einstein-Yang-Mills theory was constructed in Ref. [34] . This model is interesting not only because it is a holographic model to describe a p-wave superconducting phase transition, but also it contains a rich phase structure. There is a parameter α, the ratio of the gravitational constant to the Yang-Mills coupling, in this model. The p-wave superconductor phase transition is second order for small α, while it will become first order as α increases beyond a critical value. Therefore it is quite interesting to see the behavior of entanglement entropy in this model, in particular, to see how the entanglement entropy changes when the order of the phase transition changes.
The aim of this paper is just to investigate the behavior of entanglement entropy in the holographic p-wave superconductor at finite temperature. The entanglement entropy is calculated for a straight strip geometry at AdS boundary by using of the holographic proposal (1) . We find that the behavior of entanglement entropy changes dramatically when the order of the phase transition changes. When the strip width is very large, i.e., γ A probes deeply, the entanglement entropy is extensive as the thermal entropy of the bulk black hole, while in the opposite limit, the behavior perfectly fits the general form obtained from four-dimensional conformal theories. For the case with an intermediate strip width, by comparing the entanglement entropy and the thermal entropy of the bulk black holes during the whole process of phase transition, we see that they show the same behavior. This is an interesting and nontrivial result. As a result it shows that the entanglement entropy is a good probe to the holographic phase transition and that its behavior can indicate the appearance as well as the order of phase transition.
The paper is organized as follows. In Section (2), we briefly review the holographic p-wave superconductor model and give the complete equations of motion to be solved. In Section (3), the fully back-reacted system is solved by shooting method and basic behaviors in equilibrium are described. In Section (4), we explore the behaviors of the entanglement entropy in the p-wave superconductor phase transition. The conclusion and discussions are included in Section (5).
Gravity Background
We begin with the Einstein-Yang-Mills theory in five-dimensional asymptotically AdS spacetime
where κ is the five dimensional gravitational constant connected with G N by the relation 2κ 2 = 16πG N ,ĝ is the Yang-Mills coupling constant and L is the AdS radius. The SU(2) Yang-Mills field strength is
where µ, ν = (t, r, x, y, z) denote the indices of spacetime and a, b, c = (1, 2, 3) are the indices of the SU(2) group generators τ a = σ a /2i (σ a are Pauli matrices). ǫ abc is the totally antisymmetric tensor with ǫ 123 = +1. The gauge field is given by A = A a µ τ a dx µ . Here we define a parameter α ≡ κ/ĝ which measures the strength of the back reaction.
Following Refs. [14, 34] , our ansatz for the metric and Yang-Mills field are chosen by
The independent equations of motion in terms of the above ansatz are deduced as follows
where m(r) = 
All coefficients in above expansions are constants and are related by the equations of motion (6) . After substituting the expansion into (6), we find only five independent parameters, i.e., {r H , φ
H , w
H }. The ultraviolet (UV) asymptotic expansion near the boundary r → ∞ behaves as
To recover the pure AdS boundary, we need the boundary conditions σ (6) have four useful scaling symmetries [34] σ → λσ, φ → λφ,
Taking advantage of the scaling symmetries (9) and (10), we will first choose σ
H = 1 in our shooting method, then use the two scaling symmetries again to set σ 
Thermodynamics and Phase Transition
From the discussion in Section 2, for given {φ
H , α}, we can solve the equations of motion (6) by choosing φ
H as a shooting parameter. After solving the coupled equations, we can obtain the condensate
B , chemical potential µ and total charge density ρ = B from (8) respectively. However, there is an analytic black hole solution of (6) for vanishing ω(r), which is just the RN-AdS black hole
This so called RN-AdS solution has vanishing ω(r), thus corresponds to the normal phase. From AdS/CFT correspondence, the boundary thermal equilibrium states are dual to black hole geometries in bulk, and the Hawking temperature of black hole is considered as the temperature of the boundary theory [35] . From the metric ansatz (4), the Hawking temperature of the black hole is
The Bekenstein-Hawking entropy of this black hole is
where A H denotes the area of the horizon and V = dxdydz.
We will work in the grand canonical ensemble where the chemical potential µ at the boundary is fixed. It is convenient to express physical quantities in scale invariant way. Under the scaling symmetry (12) , the relevant quantities scale as follows
Therefore, we choose the following scale invariant combinations to examine physics in the grand canonical ensemble
In gauge/gravity duality the grand potential Ω of the boundary thermal state is identi- fied with T times the on-shell bulk action in Euclidean signature. The Euclidean action must include the Gibbons-Hawking boundary term for a well-defined Dirichlet variational principle and further a surface counterterm for removing divergence
where h is the induced metric on the boundary r → ∞, and K is the trace of the extrinsic curvature.
This model has been numerically solved in Ref. [34] and shown that the order of the phase transition relies on the value of α. The transition is second order as α is less than α c = 0.365 ± 0.001, while it is first order for larger values than α c . We will re-solve the equations of motion (6) for completeness and for further discussion. Typical solutions for the metric and gauge field configurations are presented in Figure. (1), which are needed to calculate entanglement entropy in the next section.
To compare the differences between the second order transition and first order transition, we choose α = 0.316 < α c and α = 0.447 > α c as concrete examples. The conden- Figure. (2). For the case α = 0.316, the condensate Ĵ x 1 appears at a particular temperature T c ≃ 0.0458µ. As the temperature is lowered, Ĵ x 1 increases continuously. The critical behavior near T c is found to be Ĵ
, which is the typical result from the mean-field theory. While for the case α = 0.447, we can see from Figure. (2) that the curve of the condensate has two branches when 0.905 < T /T c < 1.06. Therefore, the value of condensate has a jump at critical temperature T c ≃ 0.0218µ, which represents a first order phase transition.
To distinguish which branch is physical, i.e., thermodynamically favored, we need to calculate the grand potential Ω. The values of grand potential Ω are exhibited in Figure. (3). The RN-AdS solutions always exist for all temperatures, but it is only thermodynamically favored at high temperatures T > T c . As the temperature is lowered below critical value for each α, the grand potential Ω from superconductor solution is smaller than the one from the RN-AdS solution, thus the superconductor phase is physically compared to the normal phase (RN-AdS solution). Therefore, there is a phase transition occurring at T c . For α = 0.316 case, the transition is second order. However, for α = 0.447 case, there is a characteristic "swallowtail" shape of the grand potential, signaling a first order transition.
According to the two-fluid model, the total charge density ρ can be divided into two components ρ = ρ n +ρ s , where ρ n is the normal component, while ρ s is the superconducting component. In the holographic setup, the normal charge density ρ n is proportional to the τ 3 part of the electric field at the horizon [14] , which is given by
H in our units. Therefore the superconducting charge density is ρ s = ρ − ρ n , where ρ = 
Entanglement Entropy
After solving the equations of motion, we are now ready to calculate the entanglement entropy in this holographic model. Because of the arbitrary choice of the subsystem A, we can define infinite entanglement entropies correspondingly. However, we are here interested in a belt geometry with a finite width ℓ along the x direction and infinitely extending in y and z directions.
To deal with the UV divergence, we assume that the subsystem A sites on the slice r = . According to the proposal (1), we need to minimize the following area functional where V 2 = dydz. The integrand can be considered as the Lagrangian with x direction thought of as time. As the Lagrangian does not explicitly depend on "time x", the Hamiltonian is conserved. Thus we can easily deduce the "equation of motion" that gives minimal area from (19) 
where we demand that the surface is smooth at the turning point r = r * , i.e., dr/dx| r=r * = 0. Integrated once, the belt width ℓ can be fixed as
Substituting (20) into (19), we finally obtain the entanglement entropy
where the UV cutoff 1/ǫ has been taken into consideration. The first term indicates UV divergent (ǫ → 0) and represents the "area law" [17, 36] . It can be deduced by plugging the UV asymptotic expansion (8) into (22) . While the second term is independent of the cutoff and is finite, so this term is physical important. Following the discussion in Section (3), ℓ and S E under the transformation (12) scale as ℓ → λ −1 ℓ, S E → λ 2 S E , so we will introduce the scale invariants µℓ, S E µ 2 . We first focus on the case with second order phase transition, i.e., α < α c . In Figure( 5) we plot the behavior of the universal part of the entanglement entropy S E as a function of belt width ℓ by fixing the temperature. The curve at the top is at the transition temperature T c , which is identical with the RN-AdS case. We observe that the slope of the curve decreases as the temperature is lowered in superconductor situation as is expected that the lower the temperature is, the more the degrees of freedom will condense. This phenomenon can be seen much more clearly in Figure(6 ), which shows how the entanglement entropy evolves with temperature by fixing the belt width. We see that although the entanglement entropy is continuous at critical temperature T c , there is a discontinuous change in its slope at T c . This discontinuity may signal a significant reorganization of the degrees of freedom of the system, since some kind of new degrees of freedom, like the Cooper pair, would emerge in the new phase.
We show the results for the first order transition case in Figure(7) . The behavior of entanglement entropy at fixed temperature is quite similar to the second order transition case. S E changes monotonously with respect to the belt width. This behavior is quite different from the result in Ref. [32] , where a swallowtail shape appears in a region with finite belt width. It can be seen from the left plot in Figure(7) that the belt width monotonously decreases as the turning point r * increases. Actually, ℓ diverges logarithmically as r * → r H at nonvanishing temperature as observed from (21) . In fact in Ref. [32] , the non-monotonousness of ℓ with respect to the turning point r * is indispensable for the emergence of the kink. On this we will have more discussions in the last section of the paper.
The behavior of S E as a function of temperature for fixed belt width is presented in Figure( case. The blue curve from normal phase is physical as T > T c , while the curve with the lowest entropy at a given temperature is preferred below T c . Therefore, there is an obvious jump in S E as well as its slope at critical temperature. It seems reasonable to expect an abrupt reduction in the number of degrees of freedom at T c since the condensate has a sharp jump at the critical point. In both two kinds of phase transition, we observe from Figure. (5) and Figure. (7) that S E exhibits linear behavior with respect to ℓ for large ℓ. Indeed, we can find that in large ℓµ ∼ ℓT limit, the main contribution of the integrals (21) and (22) to S E comes from the region near r = r * ∼ r H . In addition to N(r) ∝ (r − r H ) near horizon at nonvanishing temperature, we can deduce the linear relation S E µ 2 ∼ ℓµ. Thus we obtain the entanglement entropy in this limit
where we have subtracted the UV divergent term. This equation is similar to the BekensteinHawking entropy (15) and may seem to be surprised at first glance since the entropy (24) is proportional to the area of the subsystem A as opposed to the area law (1) . A geometric interpretation made in Ref. [17] is that γ A will wrap a part of the black hole horizon as the increase of belt width and therefore is equal to the fraction of black hole entropy . In contrast, from Figure. (5), and Figure. (7), the value of S E µ 2 seems to be power-law divergent as µℓ vanishes. In fact, the relationship between entanglement entropy and belt width in small ℓµ ∼ ℓT limit is found to perfectly agree with a universal function in our numerical calculation Notice that entanglement entropy in four-dimensional conformal theories for a belt configuration takes the universal form [37, 38] 
where ζ and C are numerical constants which depend on the details of a theory under consideration. Our ℓT → 0 result (25) has the same form as (26) , which is reasonable since our metric solution is asymptotically AdS and γ A with small belt length can only probe the bulk sufficiently near the boundary r → ∞. As discussed in [39] , there exist some universal crossover functions connecting the universal parts of the entanglement entropy to the thermal entropy. We try to construct the crossover function here as S E (ℓ, T ) = T n F (ℓT ). In our situation, as ℓT → ∞, we obtain that n=2 and F (ξ → ∞) ∼ ξ, thus S E (ℓ, T ) behaves as the extensive thermal entropy. While as ℓT → 0, we find n = 2 and
For the intermediate scale, the precise form of F (ξ) can only be obtained numerically.
To get further understanding of the connection between the entanglement entropy and thermal entropy, it would be irradiative and instructive to compare the behaviors of them during the process of phase transition. Figure.(9) shows the thermal entropy S T as a function of temperature. The quite qualitatively similarity in Figure. (8), this result is nontrivial since the belt width here is neither too large nor too small. The minimal surface γ A will not be very close to the horizon. Due to the lake of numerical control at very low temperature, compared to the critical temperature of the phase transition, we can not plot all points in superconducting phase (the lowest temperature in Figure( tropy in the holographic setup, our calculation seems to support the viewpoint that black hole entropy is due to the entanglement entropy [40, 41, 42, 43] .
Conclusion and discussions
In a recent paper [33] , we reported the behavior of entanglement entropy in the holographical insulator/superconductor phase transition, where a non-monotonic behavior of the entanglement entropy was found as the change of chemical potential. Because of the absence of horizon in the soliton background, both the temperature and thermal entropy in dual boundary system do vanish. It is unable to extract the relationship between entanglement entropy and thermal entropy or black hole entropy. In this paper we overcome the shortcoming by studying the holographic p-wave superconductor at finite temperature. The other motivation is to see how the behavior of the entanglement entropy will change as we tune the parameter α, the ratio of the gravitational constant to the Yang-Mills coupling constant, which can change the order of the phase transition.
In the fully back reacted case, we found ρs ρ scales as T − T c near critical point, which is the same as the result in the probe limit [14] . As noted in Ref. [14] this scaling behavior is different from the transition between superconductivity and pseudogap state of high T c materials, where the fraction is finite and nonvanishing. The behavior is reminiscent of superfluid properties of He II. However, the critical exponent in He II is about 0.67, while here it is one.
We found that the qualitative behavior of entanglement entropy is dramatically different for sufficiently small and large α cases as we lower the temperature. For the case α < α c , Α=0.316 the entanglement entropy is continuous at the critical temperature T c , while it has a jump for α > α c case. That is, the behavior of the entanglement entropy shows that the phase transition is second order when α < α c , while it is first order as α > α c . When the belt width is very large, i.e., γ A probes deeply into the bulk, the entanglement entropy is extensive as the thermal entropy of the bulk black holes. In the opposite limit, the behavior perfectly fits the general form obtained from four-dimensional conformal theories. Motivated by Ref. [39] , there may exists a crossover function connecting the two limits. We compared the behaviors of the entanglement entropy and thermal entropy during the whole process of the superconductor phase transition. It shows that they behave qualitatively the same. This result is nontrivial since the belt width here is neither too large nor too small (note that ℓµ = 4 and ℓµ = 6 in Figure. (6) and Figure.(8) ). From the minimal surface picture, the minimal surface γ A can not be very close to "hugging" the horizon at these intermediate scales. Due to the lack of numerical control at low temperature, in our numerical calculation we are not able to display the behavior of the entanglement entropy at sufficiently low temperature, compared to the critical temperature of the phase transition. As a result, we can conclude that the entanglement entropy is a good probe to the holographic pase transition, and that its behavior can indicate not only the appearance, but also the order of the phase transition.
Here it is quite interesting to compare our results with those from the case with holographic s-wave superconductors in Ref. [32] . The model studied there is a SO(3) × SO(3) invariant truncation of four-dimensional N = 8 gauged supergravity [44] . Different from other "top-down" models of holographic superconductors (see, for example, Refs. [45, 46, 47] ), where the superconductor phase transition is a second order one, the phase transition studied in Ref. [32] will be second order or first order, depending on the boundary condition of a scalar field in the model. In the second order phase transition case, the entanglement entropy shows the feature of the second order phase transition: the entanglement entropy is continuous and its slop has a jump at the critical temperature. On the order hand, in the case of first order phase transition, there exists not only a jump for the entanglement entropy at the critical temperature, but also a kink shape (swallowtail shape) for the entanglement entropy for a given range of strip widths in the superconducting phase. The kink persists even for zero temperature solutions. It was argued there that the appearance of the kink can be attributed to the existence of a new scale in the theory and the entanglement entropy is a good probe of the new scale. The new scale can be viewed as a finite correlation length. Quite interestingly, in our p-wave superconductor model, the kind does not appear even in the first order phase transition case (see Figure.7 ). This suggests that the existence of this new scale is not universal in holographic superconductor models. Note that in this p-wave model, not only the U(1) symmetry but also the rotational symmetry are broken, hence, the superconducting phase is anisotropic. On the other hand, only the U(1) symmetry is broken in the s-wave model studied in Ref. [32] and the superconducting phase is isotropic. We suspect that the anisotropy might be responsible for the absence of the kink in the superconducting phase in the first order transition case. Clearly it would be quite interesting to investigate whether such kink is common in other s-wave superconductor models.
Note that the zero temperature solution studied in Ref. [32] is an RG flow between two AdS spaces. Indeed, the existence of the kink for the entanglement entropy in such backgrounds has also been observed in Ref. [48] (see also Ref. [49] ) where null energy condition is used to constrain the monotonic behavior of c-function along RG flows. It was shown there that the kink would emerge for particular choice of the asymptotically AdS geometry, which is obviously shown in Figure( 6) in Ref. [48] . More specifically, the geometry is controlled by a parameter R. A kink will emerge for R < R c , while it will disappear for the case R > R c . In Ref. [32] , it has been also analyzed in some details when the kink will appear. It shows that the presence of the kink is due to the particular potential in the model which in turn further determines the geometry structure of the background solutions. Let us further stress here that the kink of entanglement entropy also appears in the AdS soliton backgrounds [38, 50, 33] , and the signal of the kink acts as the "confinement/deconfiment" phase transition.
Finally we would like to mention that the holographic p-wave superconductor model has been extended to include the Gauss-Bonnet term in Refs. [51, 52] where the condensate is found to become harder as the Gauss-Bonnet coefficient grows up. On the other hand, the original entanglement entropy proposal has been generalized to include some higher derivative corrections, such as the Gauss-Bonnet term, in the bulk [53, 54] . The entanglement entropy in the Gauss-Bonnet gravity has been calculated for many configurations and discovered to give additional contributions [48, 55, 56] . There might be some new features for the entanglement entropy in the p-wave superconductor models with the Gauss-Bonnet term. We wish to report on the related work in future.
